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Z[\]^\_`[\ab c `de[f g[bed _ga_ aee`_`[\ `d _g^ [\bh ai`_gf^_`j [k ^ia_`[\ \^^e^e l[i
ia\m^ d^aijg`\m n a\e _ga_ abb[c `\m dop_iaj_`[\ [i fob_`k b`ja_`[\ e[ ^d \[_ g^bk qp ^d`e^d
k ^igakd k [bhb[m dk ^^eokdr s Z[\d`e^i b`\^ ia\m^ d^aijg`\m n l[i ^tafkb^ u m `]^\ v k[`\_d
c^`mg_^e c `_g i^ab ]abo^d a\e v b`\^d `\ _g^ k ba\^ n j[fko_^ _g^ dof [l _g^ c^`mg_d [l _g^
k [`\_d c `_g`\ ^ajg b`\^ s wg`d ja\ p^ e[\^ `\ xy qvz{| r _`f^ od`\m aee`_`[\d [\bh }~�� s� �l
[_g^i �^be [k ^ia_`[\d ai^ e`dabb[c^e q_g^ f[\[_[\^ f[e^br n _g`d `d ^dd^\_`abbh [k_`f ab n
ad ^] `e^\j^e ph _g^ \^aibh fa_jg`\m b[c^i p [o\e [l � qvz{| r ^d_ap b`dg^e `\ }�� s � b_g[omg
`_ `d b^dd _ga\ jb^ai cgh dop_iaj_`[\d [i [_g^i �^be [k ^ia_`[\d dg[obe p ^ od^lo b l[i aee`\m
c^`mg_d n _g^ p ^d_ b[c^i p [o\e `\ _g^ \[\f[\[_[\^ f[e^b `d [\bh � qv b[m v r }�� s �oi
k ^id`d_^\_ `\ap `b`_h _[ pi^a� p^b[c y qvz{| r l[i b`\^ ia\m^ d^aijg`\m [i n f [i^ m^\^iabbhn
_[ ajg`^]^ v ��� ��� l[i a\h _hk`jab q\[\`d[_g^_`jr ia\m^ d^aijg`\m ki[p b^f }~n ~�� gad
b^e _[ _g^ j[\� ^j_oi^ _ga_ `_ `d `fk[dd`p b^ _[ e[ d[ s wgod n `_ c[obe akk ^ai _ga_ _g^
joii^\_ b[c^i p [o\e _^jg\[b[mh l[i _g^ \[\f[\[_[\^ f[e^b n cg`jg `d pad^e [\ dk ^j_iab
aimof^\_d }� n � n �� _ga_ ai^ `\g^i^\_bh o\apb^ _[ ki[eoj^ p [o\ed g`mg^i _ga\ � qv b[m v rn
`d _g^ c^a� b`\� [l _g^ _g^[ihs

wg^ i^dob_d [l _g `d kak ^i dg[obe b^ae od _[ i^j[\d`e^i _g`d p ^b`^l s �^ dg[c _ga_
abb[c `\m dop_iaj_`[\ n [i f[i^ m^\^iabbh fob_`k b`ja_`[\ ph a j[\d_a\_ n aeed f[i^ k [c^i
_ga\ c^ f `mg_ ga]^ a\_`j`ka_^e s �i`^�hn c^ dg[c _ga_ `l c^ abb[c _g^ b`\^ _[ p [o\j^
ama`\d_ _g^ cabbd b`�^ a p `bb`aie pabb n _g^\ _g^ ki[p b^f ja\ p^ d[b]^e `\ y qv b[m v r _`f^
`\ _g^ \[\f[\[_[\^ f[e^b ql[i `\�\`_^bh f a\h ]abo^d [l v r a\e y qv|{� r _`f ^ `\ _g^
f[\[_[\^ jad^ s �[_g p[o\ed ai^ _`mg_ `\ _g^`i i^dk ^j_`]^ f[e^bd s w[ [oi �\[c b^em^ n
_g`d `d _g^ �id_ ^tafkb^ [l a \[\_i`] `ab d^kaia_`[\ i^dob_ p ^_c^^\ _g^ f[\[_[\^ a\e
\[\f[\[_[\^ j[fkb^t `_h [l a �\a_oiab� m^[f ^_i`j ki[p b^f s
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wg^ ki[pb^f c^ j[\d`e^i `d jabb^e � ������� �� �� 	
 u � `^c `\m a d�oai^ mi`e [l v
c^`mg_^e k [`\_d ad a k [[b _ap b^ n c^ e^�\^ a 
�	�� ad _g^ _ia� ^j_[ih [l a pabb dg[_
li[f a\h k[`\_ `\ a\ aip `_iaih e`i^j_`[\ s wg^ pabb p [o\j^d [� _g^ cabbd a\e �^^kd m[`\m
l[i^]^i � _g^ dof [l _g^ c^`mg_d [l _g^ k [`\_d _ga_ `_ ^\j[o\_^id ab[\m _g^ cah j[\d_`_o_^d
_g^ ��
� 	� _[ _g^ �o^ihs �\ `\d_a\j^ [l � ������� �� �� 	
 j[\d`d_d [l v i^abd q_g^ c^`mg_dr
a\e v �o^i`^d u _g^ [o_ko_ `d _g^ d^_ [l v a\dc^id s

� `_g[o_ _g^ p [o\j`\m n _g^ p ^d_ abm[i`_gf �\[c\ _[ ea_^ io\d `\ _`f ^ jb[d^ _[
y qvz{| r _`f^ n a\e _g`d j[fkb^t `_h `d [k_`f ab `\ _g^ f[\[_[\^ f[e^b s � ga_ `d `_ ap [o_
p [o\j`\m _ga_ f a�^d _g^ j[fkb^t `_h ei[k _[ y qv b[m v r� �l j[oid^ n _g^ j[fkb^t `_h
[l b`\^ ia\m^ d^aijg`\m ������� �������� f `mg_ p ^ y qv b[m v rs �l n ph jga\j^ n c^ j[obe
^t_^\e _g^ _^jg\`�o^d [l _g`d kak ^i _[ n dahn _i`a\mb^ [i j`ijobai ia\m^ d^aijg`\m n _g^\
`_ f `mg_ \[_ p ^ `\j[\j^`]ap b^ _ga_ _g^ ai`_gf^_`j j[fkb^t `_h [l 	�	�� ia\m^ d^aijg`\m
ki[p b^f c `_g �\`_^ �Z e`f^\d`[\ `d xy qv rs wg`d c[obe dga__^i fojg [l [oi joii^\_
o\e^id_a\e`\m `\ _g`d ai^a s �l _g`d `d \[_ _io^ n a_ _g^ ]^ih b^ad_ _g^ i^dob_d [l _g`d kak^i
dg[c _ga_ `fki[] `\m _g^ joii^\_ b[c^i p [o\ed l[i _g^ \[\f[\[_[\^ f[e^b qabb [l cg`jg
ai^ pad^e [\ _g^ dk ^j_iab b^ffa [i `_d ]ai`a\_ n _g^ _iaj^ b^ffa }� n � n ��r `d b`�^bh _[ p ^
]^ih jgabb^\m`\m s

�oi b[c^i p [o\ed abd[ akkbh _[ a l[if [l b`\^ ia\m^ d^aijg`\m cg^i^ b`\^d ai^ j[\�
d`e^i^e f[eob[ d[f ^ `\_^m^i s � g`b^ _g`d ja\ p^ j[\d_io^e ad [k ^ia_`\m [\ a _[iod n _g^
ki[p b^f `d \[_ \^aibh ad \a_oiab m^[f^_i`jabbh ad � ������� �� �� 	
 n c g`jg `d cgh c^ ki^�
l^i _[ j^\_^i [oi e`djodd`[\ [\ _g^ ba__^i ki[p b^f n ^]^\ _g[omg `_ `\][b]^d db`mg_bh f[i^
j[fkb`ja_^e aimof^\_d s
�������  ! "�� �� ��# ���	 ��$ �	� �% ��&� 	
 v ' �� 	 ��$( &	) ��� �% �[o\j`\m�* `\^d �

+ qv b[m v r ��$ 	 �� �� 	 ���$������	 $ �,	& ��, + qv|{� r ��$ 	 �� �� 	 $ ������ 	 $ �,	&-

.[_^ _ga_ n ph e^�\`_`[\ n v `d abcahd [l _g^ l[if q/ 0 ~r� n cg^i^ / `d _g^ d`e^ b^\m_g
[l _g^ d�oai^ mi`e s wg^ _g^[i^f g[bed l[i a\h ki`f ^ / s wg^ okk ^i p [o\ed ai^ f[i^
m^\^iab n g[c^]^i s wg^ y qv|{� r io\\`\m _`f^ `d _ga_ [l _g^ \a`]^ abm[i`_gf a\e g^\j^
fa�^d \[ addofk_`[\ [\ / s �^ m`]^ a m^\^iab abm[i`_gf l[i _g^ \[\f[\[_[\^ f[e^b
cg`jg c[i�d l[i a\h ]abo^ [l / a\e io\d `\ _`f^ y q1 q/r2 v b[m v rn cg^i^ 1 q/r `d _g^ \ofp^i
[l e`] `d[id [l / a\e 3 `d a k[d`_`]^ j[\d_a\_ s wg`d `fkb`^d a\ okk ^i p [o\e [l y qv b[m v r
l[i a\h d`e^ b^\m_g / _ga_ `d _g^ ki[eoj_ [l a j[\d_a\_ \ofp^i [l ki`f ^d s �_ `d �\[c\ }~4 �
_ga_ 1 q/r 5 � 678 9{ 678 678 9 l[i abb / baim^ ^\[omg n a\e 1 q/r 5 b[m / l[i abf [d_ abb / � `\ [_g^i
c[ied n _g^ \ofp^i [l `\_^m^id : ; / l[i cg`jg 1 q: r < b[m : `d = q/r s
>���??@�A  !B �[o\j`\m�* `\^d ��� �	 
�&�	, �� C�D y qv b[m v r ��$ 	 % �� �� ��# ���	 ��$ �
�	� �% 
�,	 &	�� ��
E C��D xy qv r % �� �&$ �
� �& & 
�,	 &	�� ��
E ��, C���D v ������ % �� �& & 
�,	
&	�� ��
-

F�G@GH�I J KL e^\[_^d _g^ i`\m [l `\_^m^id f[eob[ v a\e q: M v r _g^ mi^a_^d_ j[ff[\
e`] `d[i [l : a\e v s Nob^i Od _[_`^\_ lo\j_`[\ n P qv r n i^l^id _[ _g^ \ofp^i [l `\_^m^id
~ ; Q ; v dojg _ga_ qQ M v r R ~s wg^d^ `\_^m^id l[if a fob_`k b`ja_`]^ dopmi[ok [l KL n
cg`jg `d e^\[_^e ph S qKL r [i d`fkbh ph S cg^\ v `d o\e^id_[ [e s �^ od^ _g^ d_a\eaie
\[_a_`[\ 1 qv r a\e T qv r l[i _g^ \ofp^i [l e`] `d[id [l v q`\jboe`\m ~ a\e v r a\e _g^
\ofp^i [l e`d_`\j_ ki`f^ laj_[id [l v n i^dk ^j_`]^bhs qwg^ \[_a_`[\ T qv r dg[obe \[_ p ^
f `d_a�^\ l[i `_d j[ff[\ f^a\`\m `\ j[fko_^i dj`^\j^ sr � bb \ofp^i�_g^[i^_`jab laj_d
od^e `\ _g`d ai_`jb^ ja\ p ^ l[o\e `\ U aieh a\e �i`mg_ Od jbadd`j _^t_ }~4 � s � bb b[mai`_gf d
ai^ _[ _g^ pad^ � s
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wg^ `\ko_ j[\d`d_d [l _g^ mi`e [l v R q/ 0 ~r� k[`\_d c `_g `\_^m^i j[[ie`\a_^d `\ _g^
d�oai^ }4 M /�� s Najg mi`e k [`\_ 
 `d add[ j`a_^e c `_g a i^ab ]ai`ap b^ � q
 r n jabb^e `_d �	����s
� �o^ih � R q
 M 
� r `d a iah dg[_ li[f 
 `\ e`i^j_`[\ 
� n c g^i^ 
 `d a\h k[`\_ `\ _g^ d�oai^
}4 M /�� q\[_ \^j^ddai`bh a mi`e k [`\_r s wg^ iah `d addof^e _[ p [o\j^ ama`\d_ _g^ d`e^d [l _g^
d�oai^ ajj[ie`\m _[ _g^ d_a\eaie i^�^j_`[\ bac s �h j[\]^\_`[\ n `l _g^ iah g`_d a j[i\^i n
c^ addof^ _ga_ `_ p [o\j^d paj� ab[\m _g^ daf^ iah po_ `\ _g^ [kk[d`_^ e `i^j_`[\ s wg^
a\dc^i _[ _g^ �o^ih � `d _g^ dof [l _g^ c^`mg_d [l _g^ mi`e k [`\_d g`_ ph _g^ qp [o\j`\m r
iahs .[_^ _ga_ a k [`\_ g`_ _c `j^ [i f[i^ `d j[o\_^e [\bh [\j^ s �[ n ab_g[omg a �o^ih
fah ga]^ `\�\`_^bh fa\h _oi\d `_d a\dc^i `d abcahd �\`_^ s � ������� �� �� 	
 `d _g^ [�� b`\^
]^id`[\ [l _g`d ia\m^ d^aijg`\m ki[p b^f u _g^ `\ko_ j[\d`d_d [l v c^`mg_d a\e v �o^i`^d
a\e _g^ [o_ko_ i^_oi\d _g^ v j[ii^dk [\e`\m dof d s

�\ ^�o`]ab^\_ l[ifoba_`[\ `d _[ j[fko_^ _g^ b`\^ai f ak �� n cg^i^ � � � L `d _g^
j[bof\ ]^j_[i [l c^`mg_d a\e � R q��� r `d _g^ `\j`e^\j^ fa_i`t [l _g^ o\e^ibh `\m d^_
dhd_^f u ��� R ~ `l �o^ih � kadd^d _gi[omg k[`\_ � � a\e ��� R 4 [_g^ic `d^ s w[ j[fko_^
_g^ f a_i`t � ja\ p ^ e[\^ ^ad`bh `\ k[bh\[f `ab _`f ^ o\e^i a\h d_a\eaie i^ki^d^\_a_`[\
[l k[`\_d a\e �o^i`^d n po_ _g `d `d \[_ _g^ k [`\_ [l `\_^i^d_ s wg^ l[ jod [l [oi a__^\_`[\ `d
_g^ fob_`k b`ja_`[\ [l � a\e � n d[ c^ f `mg_ ad c^bb addof^ _ga_ � `d abi^aeh a]a`bap b^ s
�[i okk ^i p [o\e koik[d^d n c^ i^�o`i^ a\ abm[i`_gf _ga_ c[i�d [\ a d_a\eaie ��� c `_g
`\�\`_^ ki^j`d`[\ i^ab ai`_gf^_`j s w[ ki[]^ b[c^i p[o\ed n c^ b`f `_ [oid^b]^d _[ j[o\_`\m
_g^ \ofp^i [l ai`_gf^_`j [k ^ia_`[\d s �^ ]`^c _g^ j[fko_a_`[\ ad _ga_ [l a j`ijo`_ n
cg^i^ ^ajg ma_^ _a�^d _c[ \ofp^id � M � ad `\ko_ a\e [o_ko_d �� 0 � � n c g^i^ � M � ai^
j[\d_a\_d add[ j`a_^e c `_g _g^ ma_^ q`^ n \ofp^id `\e^k ^\e^\_ [l _g^ c^`mg_ ]^j_[i � r s
�\ _g^ f[\[_[\^ f[e^b n _g^ [\ bh j[\d_a\_d abb[c^e ai^ � M � R ~s �\ _g^ \[\f[\[_[\^
]^id`[\ n c^ i^bat _g `d addofk_`[\ a\e abb[c � a\e � _[ p ^ a\h j[fkb^t \ofp^id c `_g
p [o\e^e f[eob` s

� `moi^ ~u ��	 �������� &�� 	 (�
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wg^ pad`j `e^a `d _[ e^�\^ a\ akki[ki`a_^ eoab`_h p ^_c^^\ k[`\_d a\e �o^i`^d q`^ n a\
`\j`e^\j^�ki^d^i]`\m p`� ^j_`[\ p^_c^^\ k[`\_d a\e pabb _ia� ^j_[i`^dr n a\e ^\e[c _g^
k [`\_d a\e n ph eoab`_hn _g^ �o^i`^d c `_g a\ ap ^b`a\ mi[ok d_ioj_oi^ s *^_ 
 ( e^\[_^
_g^ eoab �o^ih [l k[`\_ 
 s � �o^ih � fakd paj� _[ _g^ k [`\_ � ( n d[ _ga_ q
 ( r( R 
 s �^

�



e^�\^ a fob_`k b`ja_`]^ ap ^b`a\ mi[ok q� M� r []^i _g^ k [`\_d n d[ _ga_ m`]^\ 
 a\e 
 � n _g^
k [`\_ 
 � 
 � `d a\[_g^i mi`e k [`\_ s �h `d[f[ikg`df n c^ e^�\^ _g^ eoab mi[ok q� ( M� r
[]^i _g^ �o^i`^d u _g^ ki[eoj_ [l _c[ �o^i`^d � � � �� `d e^�\^e ad q� (� � � (� r( s � `]^\ a
k [`\_ 
 a\e a �o^ih � n e^�\^ _g^ jgaiaj_^i`d_`j lo\j_`[\

� q
 M � r R � ~ `l 
 � � n
4 ^bd^ s

wg^ mi[ok a\e _g^ eoab`_h fod_ p ^ jg[d^\ d[ ad _[ da_`dlh _g^ l[ bb[c `\m `e^\_`_h u �[i
a\h k[`\_d 
 M � a\e �o^ih � n � q
 M � r R � q
 � � � � M � � � ( r � q~r

p

q

p r−1

q r *

� `moi^ � u 	���( ' ,��&���' ��, ����,	��	-

�l � q
 r `d _g^ c^`mg_ add[ j`a_^e c `_g k [`\_ 
 n _g^\ l[i ^ajg �o^ih � c^ fod_ j[fko_^
 q� r R �� � q
 r� q
 M � r R �� � q
 r� q M � � 
 ( r R �� 
 q
 r� q� ( � 
 � �r
cg^i^  e^\[_^d _g^ `e^\_`_h ^b^f^\_ [l � n 
 `d _g^ lo\j_`[\ 
 �� � q
 � � r n a\e � `d _g^
lo\j_`[\ 
 �� � q M
 ( r s �_ l[ bb[c d _ga_
 q� r R q
 � � r q� ( r Mcg^i^ _g^ j[\][bo_`[\ � _a�^d k baj^ []^i _g^ mi[ok � s � d`\m _g^ e`dji^_^ �[oi`^i _ia\d�
l[if � �� �� []^i � }� � n c^ ja\ ci`_^ �
 R �
 � �� Mcg`jg f^a\d _ga_ c^ ja\ j[fko_^ 
 q� r ] `a _gi^^ �[oi`^i _ia\dl[if j[fko_a_`[\d s
q.[_^ _g^ db`mg_ apod^ [l \[_a_`[\ `\ ]`^c `\m 
 ad a lo\j_`[\ [l � ( sr wg^i^ ^t `d_d a �ad_
�[oi`^i wia\dl[if []^i � ( cg`jg abb[c d od _[ j[fko_^ _g^ f ak � �� �� `\ y q �� ( � b[m �� ( �r
_`f ^ s �^ fod_ f ^\_`[\ g^i^ _ga_ _g^ mi[okd `\ �o^d_`[\ ai^ \[_ jhjb`j a\e _ga_ _g^��w q\[_ _[ f^\_`[\ _g^ j[ii^dk [\e`\m ��w r `d ]^ih e`�^i^\_ li[f _g^ d[i_ _hk `jabbh
^\j[o\_^i^e `\ `\_^m^i fob_`k b`ja_`[\ [i `\ ^\m`\^^i`\m akkb`ja_`[\d � \[i `d `_ i^ba_^e _[
_g^ f[eobai �[oi`^i _ia\dl[if s

�oi jgabb^\m^ n _g^i^l[i^ n `d _[ e^�\^ a mi[ok � a\e a\ akki[ki`a_^ eoab`_h cg`jg
_[m^_g^i da_`dlh q~r s �\l[i_o\a_^bhn c^ ai^ \[_ ap b^ _[ e[ _ga_ s wg^ p ^d_ c^ ja\ e[ `d
kai_`_`[\ _g^ d^_ [l ka`id q(����
' 
� 	��	
r `\_[ dopd^_d q� � M �� r c `_g i^dk ^j_ _[ cg`jg
j[\e`_`[\ q~r g[bed l[i d[f^ mi[ok � � s �l j[oid^ n _g^ j[fkb^t `_h e^k ^\ed \[c [\ _g^
\ofp^i [l dojg dopd^_d n cg`jg \a_oiabbh c^ ca\_ _[ �^^k ad dfabb ad k [dd`p b^ s

�



� � T�&Y' YR�TY��

w[ m`]^ a\ abm^pia`j jgaiaj_^i`�a_`[\ [l �o^i`^d n c^ j[\d`e^i _g^ mi[ok m^\^ia_^e ph
g[i`�[\_ab a\e ]^i_`jab i^�^j_`[\d _ga_ gad }4 M /�� ad `_d lo\eaf^\_ab e[fa`\ s wg`d ki[�
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